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The nite temperature phase transition of strongly interating matter is studied
within a nonloal hiral quark model of the NJL type oupled to a Polyakov loop. In
ontrast to previous investigations whih were restrited to the mean-eld approx-
imation, mesoni orrelations are inluded by evaluating the quark-antiquark ring
sum. For physial pion masses, we nd that the pions dominate the pressure below
the phase transition, whereas above Tc the pressure is well desribed by the mean-
eld approximation result. For large pion masses, as realized in lattie simulations,
the meson eets are suppressed.
The interest in the phase diagram of quantum hromodynamis (QCD) has reeived new
impulses from the reent results of heavy-ion ollision experiments at RHIC Brookhaven [1℄,
revealing that hot hadroni matter at temperatures not too far above the ritial tempera-
ture Tc behaves like a perfet liquid, rather than a weakly oupled plasma. A theoretial
desription of these investigations therefore requires a non-perturbative approah, whih also
provides a proper understanding of the hiral quark dynamis and the onnement meha-
nism. Until now, the only method whih is diretly based on QCD and whih meets these
requirements is lattie gauge theory. Unfortunately, the appliation of lattie results to ex-
perimental data is ompliated by the fat that most lattie alulations are performed with
rather large quark masses, leading to unphysially large pion masses. Therefore, in spite
of reent progress in this aspet, additional methods are required to extrapolate the lattie
results to the physial masses. To bridge the gap there are major eorts within hiral per-
turbation theory (χPT ) (see, e.g., [2℄). However, χPT is obviously not suited to desribe
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2the region of the phase boundary or even beyond. In this regime, one has to employ other
approahes for the hiral extrapolation, like QCD Dyson-Shwinger equations (see, e.g., [3℄)
or eetive models whih share the relevant degrees of freedom with nonperturbative QCD
[4℄. These approahes have the additional advantage that they an straightforwardly be
extended to nonzero hemial potential, whih is still a serious problem on the lattie.
In this artile we want to disuss an eetive model of low-energy QCD, apable of
desribing the hiral as well as the deonnement transitions. As a basis we use the PNJL
model [58℄ whih generalizes the well-known NambuJona-Lasinio (NJL) model [9℄ for the
hiral quark dynamis by oupling it to the Polyakov loop, whih serves as an order parameter
of the deonnement transition. To a large extent, this removes one of the most disturbing
features of the original NJL model, namely the pressure ontribution of unonned quarks
in the hadroni phase. In spite of the simpliity of the model a remarkable agreement with
the results of lattie QCD thermodynamis [10, 11℄ has been obtained [5℄.
However, this omparison was not entirely onsistent: Whereas unphysially large values
of the urrent quark masses have been used in the lattie simulations [10, 11℄, physial va-
lues have been employed in the PNJL model analysis of Ref. [5℄. Moreover, after suessfully
removing (most of) the unphysial quark degrees of freedom from the onned phase, the
PNJL model treated in mean-eld approximation as in Ref. [5℄ does not ontain any degree
of freedom in this regime. Obviously, this is a rather poor desription of the hadroni phase
at nite temperature where mesons are expeted to beome relevant. Hene, the good agree-
ment of the PNJL results with the lattie data ould partially be aidental in that mesoni
orrelations have been negleted in the PNJL analysis, while in the lattie alulations they
are suppressed by the large urrent quark masses. To get a onsistent piture it is thus
important to go beyond the mean-eld approximation and to inlude mesoni orrelations.
This an be done systematially within the framework of a 1/Nc expansion sheme [12℄,
whih has suessfully been applied to the NJL model, e.g., in Refs. [13℄.
In the present work we suggest a 1/Nc improvement of the PNJL model whih is neessary
to disentangle hadroni ontributions in the viinity of and below the hiral/deonnement
phase transition. Moreover, the existene of bound states above Tc may be ruial for the
understanding of the properties of the strongly oupled quark-gluon plasma [14℄. A onsis-
tent inlusion of hadron gas ontributions should thus inlude the dissoiation of hadrons
being bound states of quarks and antiquarks below the transition into resonant ontinuum
3orrelations somewhere above it. This hadroni Mott-transition [15℄ has been disussed rst
in Refs. [16℄ and was formulated within the NJL model in Ref. [17℄ employing the onept of
spetral funtions and in-medium sattering phase shifts within a Beth-Uhlenbek approah,
see [18℄.
In this letter, we restrit ourselves to the ase of zero hemial potential. The entral
quantity for our analysis is then the thermodynami potential at nite temperature whih an
be written as a sum of a mean-eld part and a part whih desribes the mesoni orrelations,
Ω(T ) = Ωmf(T ) + Ωcorr(T )− Ω0 . (1)
As usual, we have introdued an irrelevant onstant Ω0, whih is hosen suh that Ω(0) = 0.
Tehnially, the orrelation part Ωcorr(T ) orresponds to a ring-sum of quark-antiquark loops
(see [17, 19℄). For the evaluation of (1), we onsider a nonloal generalization of the PNJL
model. The nonloal four-point interation is hosen in a separable form motivated by the
instanton liquid model (ILM) [20℄ where it results from the internal nonloal struture of
the nonperturbative QCD vauum. In the ILM, the nonloality is represented by the prole
funtion of the quark zero-mode in the instanton eld and depends on the gauge. We use
a Gaussian ansatz as one of the simplest funtional forms of the nonloality whih has a
similar behavior as the zero-mode prole obtained in a gauge invariant manner [21℄. This
hoie guarantees onvergene at all orders without an additional regularization proedure.
The quark setor of the nonloal hiral quark model is desribed by the Lagrangian
Lq = q¯(x)(iD/−mc)q(x) +
G
2
[J2σ(x) +
~J 2pi (x)] , (2)
where mc is the urrent quark mass, and Dµ = ∂µ − iAµ the ovariant derivative with a
bakground gluon eld Aµ ≡ A
a
µ
λa
2
= δµ0A0. The nonloal quark urrents are
JI(x)=
∫
d4x1d
4x2 f(x1)f(x2) q¯(x− x1) ΓI q(x+ x2), (3)
with the verties Γσ = 1 and Γ
a
pi = iγ
5τa, a = 1, 2, 3.
After linearization of the four-fermion verties by introduing auxiliary salar (σ˜) and
pseudosalar (πa) meson elds the quark setor is desribed by the Lagrangian
Lqpiσ = q¯(x)(iD/−mc)q(x)−
π2a + σ˜
2
2G
+ Jσ(x)σ˜(x) + π
a(x)Japi(x) . (4)
To proeed, we single out the nonzero mean-eld value of the salar eld by the deomposition
σ˜ = σ+σmf so that π
a
and σ denote only the utuating parts of the elds (〈πa〉 = 〈σ〉 = 0)
4desribing mesoni orrelations. The salar mean eld gives a dynamial ontribution to the
quark mass whih in Eulidean momentum spae is M(p2) = mc +mdf
2(p2) with f 2(p2) =
exp(−p2/Λ2) being the (Fourier transformed) Gaussian form fator in Eulidean spae. The
amplitude md = −σmf is an order parameter for dynamial hiral symmetry breaking. The
model parameters of the quark setor are xed by using the pion mass and the weak pion
deay onstant and hoosing a hiral ondensate value in aordane with the limits from
QCD sum rule analyses. The hiral ondensate is obtained from the non-perturbative part
of the quark propagator, Snp(p) = (p/ +M(p
2))−1 − (p/ + mc)
−1
, i.e., after subtrating the
perturbative part. For details see, e.g., [22, 23℄. For the analyses in the present paper, we
employ a parameter set from Ref. [22℄ for −〈q¯q〉1/3 = 240 MeV given by mc = 5.8 MeV,
Λ = 902.4 MeV and GΛ2 = 15.82.
The mean-eld thermodynami potential reads
Ωmf(T ) = −4
∑
i=0,±
∫
k,n
log
[
(ωin)
2 + ~k2 +M2((ωin)
2)
]
+
m2d
2G
+ U(Φ, Φ¯) , (5)
where the notation
∫
k,n
= T
∑
n
∫
d3k/(2π)3 has been introdued. Φ denotes the Polyakov
loop variable, whih is given by Φ = 1
3
Trc e
iφ/T
. Here φ ≡ A4 = iA0 is related to the
(Eulidean) bakground gauge eld. In Polyakov gauge it is diagonal in olor spae, i.e.,
φ = φ3λ3 + φ8λ8. Following Ref. [8℄, we require Φ = Φ¯ to be real with real φ3, φ8. As a
onsequene φ8 = 0 and we are left with one variable φ3 [8℄.
Due to the oupling to the Polyakov loop the fermioni Matsubara frequenies ωn =
(2n+ 1)πT are shifted:
ω±n = ωn ± φ3, ω
0
n = ωn. (6)
For the Polyakov loop potential U(Φ, Φ¯) we adopt the the logarithmi form of Ref. [8℄, whih
has been tted to the quenhed lattie data of Ref. [24℄.
The order parameters (mean eld values for md and φ3) are obtained by minimization of
the mean-eld part of the thermodynami potential
∂Ωmf
∂md
= 0, ∂Ωmf
∂φ3
= 0.
In Fig. 1 we show the resulting temperature dependene of the quark ondensate 〈q¯q〉T
(normalized to its vauum value) and of the Polyakov loop expetation value. We also show
the orresponding results for the ase of unoupled (pure) quark and gluon setors. In the
pure quark model the ritial temperature for hiral restoration is Tc = 116 MeV, whereas
the pure gauge setor has a ritial temperature for deonnement Td = 270 MeV, xed
5from lattie data for the Polyakov loop. When the quark and gluon setors are oupled
these temperatures get synhronized so that Tc ≈ Td ≈ 200 MeV.
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Figure 1. Quark ondensate (normalized to its vauum value) in the nonloal NJL model (green
dotted line) and the nonloal PNJL model (red solid line) ompared to the Polyakov loop in pure
gauge theory (blue dash-dotted line) and in the nonloal PNJL model (blak dashed line).
We now inlude Ω
corr
to study the eet of mesoni orrelations. The properties of mesons
in the PNJL model have been studied in Ref. [7℄ and the generalization to our nonloal model
is straightforward. Key ingredients are the quark-antiquark polarization loops ΠM . Using
the notations D(k2) = k2 +M2(k2), kin+ = (ω
i
n + νm,
~k + ~p), and kin = (ω
i
n,
~k) they an be
written as
Πpi,σ(~p, νm) = 4Nf
∑
i=0,±
∫
k,n
f 2((kin+)
2)f 2((kin)
2)
D((kin+)
2)D((kin)
2)
[
kin+ · k
i
n ±M((k
i
n+)
2)M((kin)
2))
]
. (7)
The mesoni ontributions to the thermodynami potential are then (to lowest order) given
by the ring sum [17℄,
Ωcorr(T ) =
∑
M=pi,σ
dM
2
∫
p,m
ln [1−GΠM(~p, νm)] (8)
with the mesoni degeneray fator dM .
The fermioni Matsubara sum, the three-momentum integration and the sum over the
three olor modes i = 0,+,− in (7) are evaluated numerially with a nite result forΠpi(~p, νm)
to be inserted in Eq. (8). The bosoni Matsubara sum in (8) and the three momentum
integral are also performed numerially.
Our model preditions for the the pressure P (T ) = −Ω(T ), divided by the Stefan-
Boltzmann limit, are displayed in Fig. 2. For omparison with the full result we also show
6the mean-eld result and the mean-eld plus pion ontribution as well as the result for an
ideal pion and sigma gas with the masses xed at their vauum values. We nd that at low
temperatures the mean-eld (i.e., quark) ontribution is suppressed and the pressure an
be well desribed by a free pion gas. Near the ritial temperature the σ meson gives an
additional visible ontribution whereas already after T > 1.5 Tc the mesoni ontributions
are negligible and the quark-gluon mean-eld dominates the pressure.
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Figure 2. Saled pressure p/pSB in the nonloal PNJL model with the physial pion mass: mean
eld ontribution (green dotted line), mean eld + pion (blue dashed line), mean eld + pion +
sigma (blak solid line). The red dash-dotted line denotes the saled pressure of an ideal pion +
sigma gas with xed masses.
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Figure 3. Saled pressure p/pSB in the nonloal PNJL model with the physial pion mass (thik
lines) and with mc/T = 0.4 (thin lines): mean eld ontribution (green dotted line), mean eld +
pion + sigma (blak solid line).
So far we have used the parameter set of Ref. [22℄ with mc = 5.8 MeV, orresponding to
the physial pion mass of 140 MeV in vauum. On the other hand, in most lattie alulations
7the masses are onsiderably larger. Thus in order to perform a meaningful omparison with
lattie results, we should repeat our model alulations using quark masses similar to the
lattie ones. To be spei, we hoose the urrent quark mass to sale with the temperature
as mc = 0.4 T , mimiking the situation in the lattie alulation of Ref. [25℄, where the up
and down quark masses behave in the same way.
Our results for the saled pressure are displayed in Fig. 3. For omparison we show
again the results obtained with mc = 5.8 MeV (thik lines). With mc = 0.4 T (thin lines)
the qualitative behavior remains unhanged: Above Tc the total pressure (blak solid line)
onverges quikly to the mean-eld result (green dotted line), whereas below Tc the pressure
is dominated by the mesoni ontribution. Quantitatively, the meson ontributions are of
ourse strongly suppressed in the ase of the heavier quark masses. Also note that the mean-
eld result is aeted as well. In partiular Tc rises from 202 MeV for mc = 5.8 MeV to
231 MeV for mc = 0.4 T
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Figure 4. Saled pressure p/pSB as a funtion of T/Tc: non-loal PNJL model with physial pion
mass (blak solid line) and with mc/T = 0.4 (blue dotted line). Red dashed line: Lattie data for
two-avor QCD with staggered quarks [25℄. The shaded region is an estimated ontinuum
extrapolation of these data for massless QCD [25℄. Points: Lattie data for two-avor QCD with
Wilson-type quarks [11℄ for Nt = 6 (open symbols) and Nt = 4 (green lled symbols). The data for
the pressure [11℄ have been divided by the Stefan-Boltzmann limit for Nt = 6 and Nt = 4,
respetively, as given in Ref. [11℄.
In Fig. 4 we ompare our model results for the saled pressure with lattie simulations.
Our model results are indiated by the blak solid line and the blue dotted line, whih
orrespond to the physial parameterization (mc = 5.8 MeV) and the ase mc = 0.4 T ,
respetively. Both urves inlude mesoni orrelations and are idential to the blak solid
8lines in Fig. 3. Note, however, that they are now displayed as funtions of T/Tc, with Tc
being dierent for the two parameterizations.
The red dashed line indiates the result of Ref. [25℄ obtained on a 163 × 4 lattie with
improved staggered fermion ations for two avors. As mentioned above, in this alulation
the quark mass is unphysially large and sales with the temperature, mu,d/T = 0.4. At
T & 2Tc our results are systematially above the lattie data. Sine the latter are obtained
with four time slies only (Nt = 4), this is probably a lattie artifat. This interpretation
is supported by the lattie results of Ref. [11℄ for Wilson fermions with Nt = 4 (green lled
symbols) and Nt = 6 (open symbols). While the former almost oinide with the results of
Ref. [25℄, the latter indiate higher pressures at large T . Although the Wilson data have
been extrated on lines of onstant physis, i.e., for T -independent quark masses and are
therefore not entirely omparable to the staggered fermion data, this tendeny should be
orret. Indeed, the authors of Ref. [25℄ tried a ontinuum extrapolation for massless QCD
(shaded area), whih is in fair agreement with our model results for both, physial and large
quark masses.
Whereas in our model, even for mc = 0.4 T , there remains a visible pion ontribution
to the pressure down to T/Tc ≈ 0.2, the lattie pressure of [25℄ vanishes at T/Tc = 0.6.
This disrepany has a trivial explanation by the fat that the lattie pressure has been
obtained by the integral method whih leaves one integration onstant undetermined. In
Ref. [25℄, this onstant has been xed by the hoie that the pressure vanishes at T/Tc = 0.6.
On the other hand, hiral perturbation theory predits that at very low temperature the
pressure is well desribed by an ideal pion gas, in good agreement with our model. Hene,
if the integration onstant on the lattie had been tted to χPT , rather than setting the
pressure at T = 0.6 Tc equal to zero, they would be in good agreement with our results at
this point. On the other hand, our approah underestimates the lattie data in the region
0.9 . T/Tc . 1.6. This may be attributed to our neglet of hadroni resonanes, other than
pion and sigma.
In summary, we have extended previous studies of the thermodynamis of low-energy
QCD within Polyakov-loop NJL models to inlude mesoni orrelations. To that end, we
have evaluated the pion and sigma ontributions to the pressure by alulating the ring
sum. We have thereby employed a nonloal four-fermion interation of the instanton liquid
type. The pioni ontribution dominates the pressure in the low temperature region. In
9this regime, the pressure is quite insensitive to the details of the interation and agrees
almost exatly with that of an ideal pion gas. At temperatures & Tc, on the other hand,
the mesoni ontributions die out. For unphysial pion masses, as obtained in most present
lattie alulations, mesoni orrelations play only a minor role, even below Tc, in aordane
with the lattie results.
For the future we plan to inlude the bak reation eet of mesoni orrelations to the
equation of motion of mean elds. This an lead to a lowering of Tc. We also plan to study
nonzero hemial potentials, whih may require a nontrivial extrapolation of the Polyakov-
loop potential into this regime [26℄. We then should inlude baryoni degrees of freedom as
well.
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ÝÔÔÅÊÒ ÌÅÇÎÍÍÛÕ ÊÎÅËËßÖÈÉ Â ÔÀÇÎÂÎÌ
ÏÅÅÕÎÄÅ ÊÕÄ
Ä. Áëàøêå, Ì. Áóáàëà, À.Å. àäæàáîâ, Ì.Ê. Âîëêîâ
Ôàçîâûé ïåðåõîä ñèëüíîâçàèìîäåéñòâóþùåé ìàòåðèè ïðè êîíå÷íîé òåìïåðàòóðå
èçó÷åí â íåëîêàëüíîé êèðàëüíîé êâàðêîâîé ìîäåëè òèïà ÍÈË ñîåäèíåííîé ñ ïåò-
ëåé Ïîëÿêîâà. Â îòëè÷èå îò ñóùåñòâóþùèõ èññëåäîâàíèé â ðàìêàõ ñðåäíåãî ïîëÿ
â ìîäåëü âêëþ÷åíû ìåçîííûå êîððåëÿöèè ñ ïîìîùüþ êâàðê-àíòèêâàðêîâîé êîëü-
öåâîé ñóììû. Äëÿ èçè÷åñêèõ ìàññ ïèîíà íàìè îáíàðóæåíî, ÷òî ïèîíû äàþò äî-
ìèíèðóþùèé âêëàä â äàâëåíèå, òîãäà êàê âûøå Tc äàâëåíèå õîðîøî îïèñûâàåòñÿ
ðåçóëüòàòîì âû÷èñëåíèé â ïðèáëèæåíèè ñðåäíåãî ïîëÿ. Äëÿ áîëüøîé ìàññû ïèîíà,
êàê â âû÷èñëåíèÿõ íà ðåøåòêå, ìåçîííûå ýåêòû ïîäàâëåíû.
